Time evolution of modes of density contrast, in particular the growing modes, dictate the structure formation in Universe. In this paper we explicitly show how (spatial) NonCommutativity (NC) can affect the behavior of the modes that is we compute NC corrected power law profiles of the density contrast modes. We develop a generalized fluid model that lives in NC space. The dynamical equations of fluid, namely the continuity and Euler equations receive NC contributions. When mapped to comoving coordinates these generate the NC extended versions of continuity and Friedmann equations for cosmology. Introducing cosmological perturbations finally yield the NC corrected evolution of density contrast modes.
Intoduction
Noncommutative (NC) spacetime effects in ideal fluid dynamics is turning into an area of recent activity. Our group is involved in a series of papers ar [1] concerned with generalized fluid models and various subtle aspects of Hamiltonian fluid dynamics. The present paper in this series concentrates on cosmological aspects of NC fluid dynamics. Other qualitatively distinct formulations of NC fluid dynamics appear in pra1,kai,van [2, 3, 4] . Two distinct routes of introducing NC effects in fluid are the following: (i) direct application of the (Groenwald-Moyal) -product ncrev [5] in conventional Eulerian field theory of fluid to introduce NCcontributions van [4] . (ii) Introduction of NC algebra in Lagrangian (discrete) fluid degrees of freedom which subsequently percolates to the Euler (field) fluid degrees of freedom pra1,ar [2, 1] and NC-extended fluid action pra1 [2] .
We have followed the second approach, the primary reason being that NC generalization can be unambiguously done in the discrete variable setup. We stress that our model is constructed from first principles, completely based on the map between the Lagrangian and Hamiltonian (Euler) formulation of fluid dynamics (see jac [6] for a detailed discussion of the formalism for canonical fluid). The NC effect is induced in the Euler continuum algebra from the NC extension in discrete Lagrangian variable algebra.
In this perspective a few comments about the role of fluid dynamics in topical theoretical physics would be worthwhile. Hydrodynamics can be described in very general terms as a universal description of long wavelength physics that deals with low energy effective degrees of freedom of a field theory, classical or quantum. Interestingly it applies equally well at macroscopic and microscopic scales. The physical reasoning behind the success of fluid models is the reasonable assumption that at sufficiently high energy densities local equilibrium prevails in an interacting field theory so that local inhomogeneities of the discrete Lagrangian system are smoothed out to continuous fluid variables. Indeed the constitutive relations provide the bridge between the fundamental(discrete) and the continuous degrees of freedom. In the fluid picture one simply deals with the age old continuity equation and the Euler force equation, (in the most simple non-relativistic framework for an ideal fluid). Two of the most exciting and topical areas of recent interest are cosmology and AdS-CFT correspondence mal [7] as applied to gauge-gravity duality gg [8] and both of them rely heavily on conventional fluid dynamics. Hence it will be very interesting to study the effects of non-trivial changes in fluid equations, brought about by introducing noncommutativity. In the present paper we aim to outline how noncommutativity in fluid dynamics can play an important role in cosmology through cosmological perturbations.
A recently rediscovered effect that has impacted the theoretical physics community in a major way is the idea of introducing a NC spacetime and subsequently a NC generalization of quantum mechanics and field theory. Seiberg and Witten ncrev [5] , in their seminal work, resurrected the (not so successful) NC spacetime introduced by Snyder sny [9] , when the former demonstrated that in certain low energy limits open string dynamics (with end points on D-branes) can be simulated by NC field theories where the NC parameter θ µν is to be identified with the anti-symmetric two-form field B. This idea has led to a huge amount of literature and we refer to a few review works in ncrev [5] . In the present paper we develop a generalized fluid dynamics, compatible with spatial NC (since we work in non-relativistic regime), from first principles. One generally tends to avoid introducing NC between time and spatial degrees of freedom due to possible complications regarding unitarity in the quantum theory through introduction of higher order time derivatives.
Let us now come back to the classical scenario that is of present interest. Just as classical Poisson algebra is elevated to quantum commutators via the correspondence principle, in exactly an identical fashion one can think of a classical counterpart of the NC quantum algebra. Once again Jacobi identity, in the sense of double brackets, plays an essential role since, for a Hamiltonian system the symplectic structure (brackets) has to obey the Jacobi identity. However there is an added twist in the classical setup where sometimes it is possible to judiciously introduce constraints in a particular model under study such that the NC generalized algebra can be identified with the Dirac bracket algebra dirac [11] . However this line of approach is not exploited in the present work.
We outline our formalism following jac,ar,pra1 [6, 1, 2] . The NC fluid model proposed by us rests essentially on the map between the Lagrangian and Eulerian or (Hamiltonian) description of fluid dynamics.
The former is based on a microscopic picture where the fluid is treated as a collection of a large number of point particles obeying canonical Newtonian dynamics. The d.o.f.s consist of the particle coordinate and velocity, X i (t), dX i (t)/dt, respectively, where i stands for particle index. In the limit of a continuum, these reduce to X(x, t), dX(x, t)/dt with x replacing the discrete index i. to Euler chain of steps is best suited for our purpose since, as discussed earlier, the NC brackets are given most naturally in point mechanics framework, that is in terms of Lagrangian variables.
It is worthwhile to recall here that even the canonical point mechanics (Poisson) brackets lead to a quite involved and non-linear set of operatorial algebra between the Euler variables. Hence it is not entirely surprising that the simplest extension of canonical brackets to NC brackets in Lagrangian setup will lead to an involved and qualitatively distinct NC extended brackets among Euler variables. However, as we will explicitly demonstrate, these NC brackets yield a modified set of continuity equation and Euler force equation. Clearly these NC modifications will leave their marks on cosmological solutions and in particular the NC corrections will act as specific forms of cosmological perturbations.
The paper is organized as follows: in Section 2 we recapitulate the Hamiltonian or Euler form of fluid dynamics along with its spacetime symmetries. Section 3 deals with our extension to NC fluid variable algebra with a discussion on the corresponding Jacobi identities and a study of the generalized continuity and conservation principles including comments on spacetime symmetries for NC fluid. In Section 4 we provide an outline on the effects on cosmological principles induced by NC modified fluid system. We conclude in Section 5 with a summary of our work and its future prospects.
Hamiltonian formulation of Eulerian fluid: A brief review
Newton's law for the particle (Lagrangian) coordinate X i (t) and velocity v i (t) =Ẋ i is given by,
where m is the mass of individual particle and F i (X(t)) is the applied force. On the other hand the Eulerian density for the single particle is,
For a number of particles the density field is given by,
It is straightforward to define the fluid current as,
Finally replacing the discrete particle labels by continuous spatial arguments (omitting time t) we arrive at,
The integration is over the entire relevant volume. (The dimensionality of the measure will be specified only when formulas are dimension specific.) ρ 0 is a background mass density, so that the volume integral of density ρ is the total mass.
In a Hamiltonian formulation the canonical (equal time since we are in non-relativistic framework) Poisson bracket structure is given by
For the Lagrangian fluid this is generalized to jac [6] ,
Obviously the above bracket structure satisfies the Jacobi identity. Using the definitions of ρ and j in terms of X andẊ given above ( ncc13 5), a straightforward computation leads to the Poisson algebra between the Euler variables ρ and j jac [6] (details of the computation are provided in the appendix):
Since j = vρ an equivalent set of brackets follows jac [6] :
where
is called the fluid vorticity, which vanishes for an irrotational fluid.
The Hamiltonian for a generic barotropic fluid (where pressure depends only on density) is taken as,
The pressure P is related to V via P (ρ) = ρ ∂V ∂ρ − V . Fluid dynamical equations follow from the Hamiltonian equations of motion:ρ
Non Commutative generalization
Let us now generalize the above to NC space. We start with the usual minimal (and most popular)
form of extended NC Poisson brackets between the Lagrangian variables, ncrev [5] ,
aa where the NC parameter tensor θ ij is constant and antisymmetric (θ ij = −θ ji ). This is the simplest extension of the canonical algebra (and qualitatively equivalent to the NC proposed by Seiberg and Witten in ncrev [5] to NC space.
In Eulerian description in NC space we define the fluid variables in the same way as in ( 
Again we have a similar set of equations between the density (ρ) and the fluid velocity (v i ).
This is the complete NC algebra between the Eulerian fluid variables which reduces to the usual canonical form for θ ij = 0.
Algebraic consistency and Jacobi identity
Consistency of any generalized Poisson structure in Hamiltonian framework demands validity of the Jacobi identity. In the present theory since we have posited a hitherto unknown algebra we must ensure that it satisfies the Jacobi identity. Indeed, due to the non-linear nature of the NC algebra, explicit demonstration of Jacobi identity is quite involved.
The Jacobi identity for a generic set of variables a, b, c, is given by, J(a, b, c) = {{a, b}, c} + {{b, c}, a} + {{c, a}, b} = 0.
It proves to be convenient to work in momentum space via Fourier transforms. We write down the density and current in momentum space as,
We recalculate the brackets in momentum space,
After some algebra(details of the explicit demonstration of ( yo1 26) are provided in the Appendix A2.)
we recover
with,
To prove the next nontrivial identity (in momentum space) we need to check
Again a detailed but reasonably straightforward computation reveals that
which implies the validity of J(ρ(p), ρ(q), v k (r)) = 0.
In a similar way, validity of rest of the non-trivial Jacobi identities can be checked as well.
Modified Non Commutative algebra
It is natural to consider further extensions of the NC structure that we have already considered by introducing a new set of NC parameters σ ij in the {Ẋ i (x), X j (y)} bracket in (
Indeed, we emphasize that this new extension is not for purely academic purpose. We will see later that it has important consequence in cosmology. Adopting the same procedure the new NC Euler algebra is found as,
Again we provide the algebra between the velocity and the density,
Note that the density algebra remains unaltered but the rest receive σ ij -contribution. Keeping the form of Hamiltonian unaltered,
the NC-generalized Euler dynamics follows,
From ( As is customary in cosmology we now work in a comoving frame (a(t), x) where the map between laboratory and comoving coordinates (r and a(t), x respectively) is given by,
with a(t) being the scale factor and x, the time independent comoving distance. The canonical continuity and Euler equations in Friedmann-Robertson-Walker (FRW) cosmology are given by.
with pressure P and cosmological constant Λ and M = (8πG) −1/2 with G the Newton's constant.
H(t) =ȧ/a is the Hubble parameter. The Friedmann equation follows:
It is well known that the canonical fluid equations in laboratory frame, when expressed in comoving frame, gets mapped on to the above equations ( 
Cosmological perturbation
Let us introduce the cosmological perturbation scheme. To that end velocities in the laboratory and comoving frames are related by,ṙ
Note that x is now time-dependent and generates the second term, known as peculiar velocity aẋ = v which appears as a perturbation, (such that |v| ≪ |ȧx|). Conventionally v is not considered in the canonical set of FRW equations. The relations between space and time derivatives between the laboratory and comoving frames are given by,
In constructing the perturbation theory we split the fields into a flat FRW background part and a perturbation part that can be analyzed order by order. We introduce perturbations in the following way,
The peculiar velocity is considered to be the perturbation in the velocity field. We here define a quantity namely density contrast(of order n) as,
φ is the gravitational potential defined by
Hence the zero'th order background equation is,
with the solution for the background potential
using Newtonian model for gravitational potential due to a sphere of uniform density ρ 0 . Furthermore, equations for the perturbations appear as
where n is the order of perturbation.
Noncommutative FRW from noncommutative fluid
In this section we will discuss the consequences of noncommutative modified fluid from cosmological perspective. The crucial role played by σ ij , appearing in our extended form of noncommutativity in fluid, will come to the fore.
The first step will be to write the modified conservation equations ( 
and,ä
Note that
where c s is the adiabatic sound speed. Thus the above equation readsä 
where T r(σ ij ) = σ. Clearly the NC effect modifies the background continuity equation. If we set the NC contribution zero (σ ij = 0) we will get the continuity equation ( 
We have recovered that Euler equation in cosmology augmented by the σ ij contribution. After a little more algebra we find that ( 
Finally the modified Friedmann equation is obtained,
where we have used a symmetric averaging x i x k /|x| 2 = 1/3δ ij . Obviously some form of spatial averaging is needed for the terms on the right hand side and we might consider following the scheme developed in buchert [12] .
The original (curvature) constant k is scaled to 0, ± 1 signifying flat, closed or open universe respectively. But in NC space this feature will be dictated by the effective curvature k ef f . For instance for a flat universe in NC cosmology k ef f = 0 will lead to a relation,
that can provide a bound on the value of σ ij .
Cosmological perturbations:
The aim of of introducing perturbations in the FRW "Standard Model" of cosmology is to explain how large scale structures were formed in the expanding Universe. In particular, this means that starting from an isotropic and homogeneous universe with an average background density ρ 0 , how does the fluctuation δρ = ρ − ρ 0 grow so that the density contrast δ = δρ/ρ 0 can reach unity. Once δ reaches values of the order of unity, their growth becomes non-linear.
From then onwards, they rapidly evolve towards bound structures such as star formation and other astrophysical process, eventually leading to formation of galaxies and clusters of galaxies. Now, we would like to write the perturbation equation corresponding to the Euler equation (
(without the terms in ( 2ba 51) that has already been taken in to account). The perturbed equation is,
Here we will confine ourselves upto 1st order in perturbation so that terms of the form
. Thus we finḋ
It is straightforward to see from ( 2ao1 49) that the linear equations satisfied by the first order perturbations lyt [10] are,
Evidently the last relation is modified due to the non commutative modifications in (
). Here we recall that ρ 0 ∝ a −3 which leads to a further simplification lyt [10] in the last relation in ( cce 57), 
Now, the relation connecting the divergence of the peculiar velocity and the Hubble parameter ( cce 57), is used. Some more algebra yields,
(60) cc
Wave Equation for Growth of Small Density Perturbations
Eventually using ( yooo 58) we derive the cherished form density perturbation equation:
The noncommutative parameter σ ij being small, we can ignore terms quadratic in σ ij . The term containing θ ij is ignored compared to the other terms since it varies as 1 a 3 . Furthermore, seeking solutions of the form
where k c and k are respectively the comoving and proper wave vector,
Finally we have reached at our goal of obtaining the density perturbation equation. This equation govern the dynamics of small density fluctuations in a noncommutative fluid for an expanding background cosmology without cosmological constant.
We rewrite the above equation in the convenient form,
where Σ = σ ik
where we have dropped the term
. Thus σ and Σ are both NC contributions.
Jeans' instability in expanding medium: The pressure terms are negligible except on small scales just before the matter radiation equality lyt [10] . Hence in the long wavelength limit 2 we can drop the terms generated by pressure and consider a reduced form of ( hast1 63),
In the linear regime, density fluctuations on different scales evolve independently. Thus it is useful to write the equations ( yooo 58), ( hast1 63) in the Fourier space as,
k is the Σ written in the Fourier space. We will drop this term since we are neglecting pressure as explained earlier. The modified ( yaa 65) can be written as,
We will try to find out the solution of the equation ( Two points need to be emphasized. One is the important role played by theδ 1 k term that is absent for static conventional universe (σ = 0), the growing and decaying solutions are of exponential nature whereas in presence of theδ 1 k term, they are reduced to power law. The other point is the role played by noncommutativity without which the growing and decaying solutions obey δ 1 k ∼ t 2/3 and δ 1 k ∼ t −1 respectively. With NC effect the profiles of the modes are Clearly the behaviour of the modes will depend crucially on the sign and magnitude of the NC parameter σ.
In the present paper we have considered cosmological implications of a generalized fluid model in non-relativistic Newtonian framework. Our model is a non-trivial extension of noncommutative fluid model, recently proposed by our groups. In the first part we rigorously derive formal aspects of the noncommutative Hamiltonian fluid model. In particular we clarify issues related to the Jacobi identity of the NC fluid variable algebra. This NC algebra leads to a modified form of dynamical fluid equations, i.e. continuity and Euler equations. These are the starting point of the second part of our work where we discuss cosmological effects of the noncommutative extension. This constitute the major part of the paper.
In the second part we introduce cosmological perturbations and explicitly show how the behavior of growing and decaying modes of density contrast are affected by noncommutative corrections. We have considered the simplest form of approximation and indeed more in depth analysis of the model is needed. Specifically one of our future projects is to find solutions of the scale factor directly computed from the noncommutativity extended equations derived here.
